Predicting hot tearing during direct chill casting using thermal stress analysis requires constitutive equations in both semi-solid state and below the solidus of the alloy. However, numerous difficulties have been hindered constitutive equations used heretofore for hot tearing predictions. (1) Testing methods for obtaining material constants were inappropriate. First, the elastic strain reversibility was unconfirmed. Second, a flat distribution of temperature in the specimen gauge length was not guaranteed. Third, strain was measured not from local strain but from cross-head displacement. Fourth, the melt-back phenomenon was unavoidable in test during partial remelting because of homogenization of the segregation structure. (2) Temperature dependence of the strain-rate sensitivity of stress was not considered. (3) Some material constants were inferred, not obtained experimentally. This study developed elasto-viscoplastic constitutive equations (Hooke's and viscoplastic NortonHoff laws) for partially solidified state and below the solidus. To obtain material constants experimentally, two tensile tests for which issue (1) was addressed were conducted using Al-5 mass%Mg alloy. They were a tensile test after partial solidification and high-temperature tensile test with high-frequency induction coil. After the temperature dependence of elastic and viscoplastic properties was investigated, material constants were obtained and were compared with those obtained using earlier testing methods.
Introduction
Hot tearing defects occur during various casting processes such as direct chill (DC) and shape casting of aluminum alloys. The susceptibility to hot tearing depends on the chemical composition and casting conditions. Accurate prediction of hot tearing using computer aided engineering (CAE) has long been desired. For accurate prediction using thermal stress analysis, constitutive equations in both the semisolid state and temperature below solidus are indispensable. Table 1 shows constitutive equations for the semi solid state and the mechanical background of the material constants from previous reports related to hot tearing predictions.
Most earlier elastic constitutive equations in semisolid state were based on Hooke's law. Their respective Young's moduli, which were essential for elastic constitutive equation, had no mechanical background except for those from H. Nagaumi et al.
2) and T. Fujii et al. 6) Nevertheless, they did not conduct unloading tests. Their moduli appeared to derive from the slope near the origin of the stressstrain curves obtained from tensile testing. Reversible strain, a typical characteristic of elastic behavior, was not confirmed. Confirmation of the property is necessary when obtaining the modulus.
Various inelastic constitutive equations have been reported over the years. The plastic constitutive equations used by H. Nagaumi et al. and T. Fujii et al. are inappropriate because of their disregard of time-dependent and viscous deformation in a semisolid state. In Europe and North America, viscoplastic constitutive equations including viscous deformation have been used. In 1996, B. Magnin et al. 1) described a Al-4.5 mass%Cu alloy in a semisolid state using the Ludwik equation as a viscoplastic constitutive equation.
Therein, · represents the stress, _ ¾ p and ¾ p respectively denote the inelastic strain rate and inelastic strain respectively. _ ¾ 0 p and ¾ 0 p respectively represent the material constants defined as 10 ¹4 s ¹1 and 10 ¹6 s
¹1
. The material constants K(T ), m(T ), n(T ) were obtained during partial solidification using a tensile testing machine developed at the Foundry Institute of RWTH Aachen University. However, this device presents the following shortcomings. The solidification direction of the specimen was perpendicular to the direction of the applied tensile force because of the device structure. The report showed that the distribution of the solid fraction (temperature) was significant within the cross-sectional direction of the specimen. Therefore, isothermal conditions of the specimen could not be assured, and the relation between the properties and the temperature was unreliable. In 2004, Suyitno et al.
3) used a viscoplastic constitutive equation given as the following.
This constitutive equation was first suggested by M. Braccini et al. 7) The equation is characterized by material constant K in the power law of eq. (3) as a function of the solid fraction f s and temperature T. Most material constants for this constitutive equation (with the exception of the material
+1
This paper was originally published in Japanese in J. JILM 63 (2013) 310317. To convey the content of the paper more appropriately and to update additional experimental data, the following changes were made in translating the original paper: (1) schematics of device for tensile test after partial solidification was modified in Fig. 2 ; and (2) viscoplastic NortonHoff law was used for constitutive equation instead of Norton's law; and (3) material parameters at 455°C were added in Figs. 10, 11 and 12; and (4) after the original paper was published, it was found that the alloy contained 0.08 mass% titanium to obtain the viscoplastic properties at 470°C. That amount was obviously higher than the target amount of 0.012 mass% titanium in Table 2 . Therefore, the properties at 470°C were removed. A part of discussion in section 3.4 was then modified. constant m, which represents the strain rate dependence of the stress) were determined using a Cuette viscometer from the partially solidified state using Al-8 mass%Cu. The shear properties were then converted to equivalent tensile properties. The material constant m was assumed to be constant for the various solid fractions (temperatures) and was obtained using a compression test of Al-4.5 mass%Cu below the solidus temperature. This constitutive equation presents two shortcomings. First, regarding material constant m, the dependence of solid fraction (temperature) is ignored and material properties below the solidus instead of the semi solid state are improper. Second, shear properties should not be applied instead of tensile properties. Hot tearing is a phenomenon that occurs in the tensile stress field in semi solid state. L. J. Colley et al. 8) noted that tensile properties should be used in any inelastic constitutive equation to predict hot tearing. No evidence exsits that the constitutive equations developed from the shear properties can simulate the true tensile deformation behavior accurately during hot tearing.
In 2005, J. Sengpta et al. 4) used the tensile properties obtained from Gleeble tensile test by Colley et al. 8) to obtain the viscoplastic properties in a semisolid state to predict hot tearing in a AA5182 DC casting slab. In the test during partial remelting such as the Gleeble tensile test, the as-cast specimen is reheated and held at a target temperature. A. Zama et al. 9) demonstrated that this process causes the homogenization of micro-segregation in the as-cast test specimen, which is characteristic of the solidification structure. The tensile properties obtained from this method differ from those derived when the specimen is in a partially solidified state (the cooling process). This fact implies that both the specimen microstructure and the tensile properties obtained using the test during partial remelting differ from those obtained from the test after partial solidification. Therefore, using this method to determine material constants for a constitutive equation to predict hot tearing is inappropriate. In 2011, K. D. Carlson et al. 5) used an inelastic constitutive equation for Mg-Al alloys in solidliquid coexisting state in order to predict hot tearing in a shape casting, as shown in eq. (4).
The material constants in this equation were extrapolated values that estimated from the temperature dependence when the specimen is below the solidus temperature. Therefore, the mechanical background of those properties is inadequate. Based on this overview, every constitutive equation in a semisolid state from the previous studies has at least one of the following shortcomings:
(1) The experimental methods used to obtain the material constants to construct the constitutive equations (the testing methods) were inadequate. (2) The solid fraction and temperature dependence of the material constants representing the strain rate dependency of the stress were not investigated. (3) Some material constants had no experimental background. In this work, the first objective is to resolve these shortcomings to obtain the true material constants. Then, elastoviscoplastic constitutive equations for JIS AC7A (Al-5 mass%Mg) alloy are developed for both partially solidified state and below the solidus. T. Watanabe et al. 10, 11) conducted an overview and examined issues on the isothermal properties of specimens, the measurement methods of strain, and the test during partial remelting. Therefore, to resolve the issues described previously, a tensile testing device developed by H. Chiba et al. 12) is used for this study. Furthermore, the high-temperature tensile test method developed by A. Zama et al. 13) was used to obtain the tensile properties below the solidus because the constitutive equations below solidus are also necessary for thermal stress analysis. During a hightemperature tensile test, deformation localization is unavoidable because of the temperature differences between the inductively heated portion and the part seated in the grips. Therefore, the local strain was obtained in the portion where isothermal conditions were ensured. Furthermore, the elastic moduli for various solid fractions were examined by confirming the reversible strain during unloading tests. The obtained mechanical properties were applied to the following two constitutive equations given in eq. (5) and eq. (6). 
Hooke's law and viscoplastic NortonHoff law were used respectively for the elastic and inelastic constitutive equations respectively. Variables ¾ e and _ ¾ vp are the elastic strain and the equivalent inelastic strain rate. EðT ; f s Þ, n vp ðT ; f s Þ and kðT ; f s Þ are the Young's modulus and viscoplastic properties, respectively, which include both the temperature and solid fraction dependences in a semisolid state. Material parameters describing viscoplasticity in the partially solidified state were compared with those from AA5182 that were reported previously using both a tensile test during partial remelting 8) and a shear test after partial solidification.
14) The differences in the material parameters between each testing method were examined.
Experimental Procedure

Materials
A JIS AC7A (Al-5 mass%Mg) alloy was used for the tensile tests. The chemical composition of the alloy is presented in Table 2 . The relation between the solid fraction and temperature was determined using ScheilGullver model and was calculated using the computational thermodynamics software (presented in Fig. 1 , JMatPro6.0; Sente Software Ltd.). The intermetallic Al 3 Mg 2 (¢-phase) was detected using EDX, where magnesium was concentrated in the specimen after the tensile test after partial solidification explained at 2.2.1. This detection implies that the liquid phase remained at the temperature of nonequilibrium eutectic solidus (448°C) during solidification.
Experimental apparatus 2.2.1 Tensile test after partial solidification
An improved testing machine 12) based on the design developed by S. Oya et al. 15) was used for the testing described here (Fig. 2) . The testing procedures are presented below.
(1) Preheat the mold to 400°C (2) Pour the molten alloy at 720°C into the mold cavity (3) Begin the tensile test at target temperature. Simultaneous records were taken of the tensile load and motion of the surface of the specimen during solidification were carried out. A high-speed video camera (FASTCAM-SA2; PHOTRON Ltd.) was used to record the surface motion.
The method used to obtain the strain is depicted in Fig. 3(a) . An image analyzer (DIPP-Motion; Ditect Co. Ltd.) was used to trace the distance between two dendrites that were used as markers. The gage length l 0 was defined as 5 mm in the final solidification part where isothermal property of «2°C was ensured. The strain rate was found to be dependent on the gage length l 0 . When the length was defined as greater than 5 mm, the strain rate converged to a constant value. When it was defined as less than 5 mm, it increased.
The testing conditions are shown in Table 3 . Both unloading and tensile tests were conducted at various cross- head speeds to obtain both the elastic and viscoplastic properties. The tensile test was conducted at temperature of up to 570°C because the zero strength temperature (ZST) of this alloy was reported as approximately 570°C. 16) Therefore, the temperature dependence of the material constants for the constitutive equations was investigated at temperature of 570°C (ZST) to 455°C. The temperature dependence of the constants is necessary for any thermal stress analysis in a semisolid state. The temperature of nonequilibrium eutectic temperature of this alloy is estimated as 448°C according to the ScheilGulliver model (see Fig. 1 ).
High-temperature tensile testing at temperatures
below the solidus A high-temperature tensile testing machine with a highfrequency induction coil was used for these experiments, as described by A. Zama et al.
13) (see Fig. 4 for schematics). The testing procedures are the follows.
(1) The test specimen was heated using a high-frequency induction heater to the target temperature and was held at that temperature for approximately 1 min. (2) After the tensile test starts, the tensile load and motion of the specimen surface during deformation are recorded simultaneously. A high-speed camera is used to record the specimen motion. The specimen dimensions are presented in Fig. 5 . First, the molten alloy was cast into a copper mold. Then, the resulting ingot was machined into a column-like shape. Figure 3(b) shows that the strain was obtained by tracing Vicker's indentation markers using the image analyzer. The indentation interval on the surface of the specimen was 0.5 mm. The gage length l 0 was defined as 2 mm over the portion of the specimen where the temperature distribution was ensured to be within «1°C. The testing conditions are shown in Table 3 .
2.3
Methodology to obtain the elastic property in partially solidified state The tensile test after partial solidification presented in Fig. 2 was used. The tensile speed of the pull rod was set to 3.0 mm/min. Before the load reached to its maximum value, unloading was performed by disconnecting the pull rod, which was connected to the movable end of the specimen. The elastic property was measured from the unloading portion of the true stresstrue strain curves. The elastic property at high temperatures below the solidus had already been determined using the ultrasonic wave reflection method for AA5056 alloy.
17) The chemical composition of the alloy is similar to that of the JIS AC7A being tested here. Thereby, testing at high temperatures below the solidus was not performed.
Experimental Results, Eetermination of Material
Constants and Discussion 3.1 Calculation of both the true stress and true strain Both the true stress and true strain must be used as mechanical properties for a thermal stress analysis. True stress is calculated using eq. (7), in which · t , F, A 0 and ¾ n respectively represent the true stress, load, initial cross sectional area of the test specimen and nominal strain. 320 mm 2 (= 20 © 16) is used for the area A 0 .
The nominal strain ¾ n and the true strain ¾ t are given by eqs. (8) and (9) . The variables l 0 and l respectively represent the initial gage length and the distance between the two points until fracture. The change in the distance was obtained from the motion during deformation, which is depicted in Fig. 3 .
Load F, which was used to obtain the true stress, is the value at which the frictional force between the alloy and the mold was subtracted from measured value. The frictional force was determined by the load after fracture of the specimen in the tensile process. Figure 6 (a) presents an example of the true stresstrue strain curves obtained from the unloading test. The springback was depicted in Fig. 6(b) , which includes a magnified image of the unloading portion in Fig. 6(a) . It is the first time to reveal the elastic behavior in the partially solidified state. The slope of the true stresstrue strain curve was linear after unloading. Therefore, the Young's modulus was obtained using a linear approximation of Hooke's law. This temperature is coincident with the earlier reported ZST of this alloy. 16) In Fig. 7(b) , the Young's moduli obtained in this study are shown with previously reported values of AA5056 at temperature below the solidus. The Young's modulus usually decreases concomitantly with increasing temperature. The change in the modulus is discontinuous at the solidus temperature. The elastic behavior found in the partially solidified state will reveal the following.
Elastic property
(1) The solid phase itself exhibits elastic behavior, even in a semisolid state. The interconnection between the phases is expected to result in elastic behavior at temperatures below the ZST. (2) The strength of the liquid phase is negligible compared to the solid phase. A higher liquid fraction engenders an increase in the substantive stress of the solid phase. Then, the macroscopic elastic strain in the semisolid state increases and the elastic modulus will decrease at a higher liquid fraction. (3) The solid phases should not be interconnected above the ZST. Therefore, the alloy does not exhibit elastic behavior. Figure 8 presents an example of the true stresstrue strain curves in partially solidified state. The maximum stress increases concomitantly with increase in the strain rate either above or below the solidus temperature, which implies that the inelastic behavior exhibits time dependent deformation at temperatures below and above the solidus. Therefore, a viscoplastic constitutive equation is more appropriate than a plastic equation for thermal stress analysis. Figure 9 presents double logarithmic charts for the strain rate and maximum stress obtained from the tensile tests. Assuming that viscoplastic NortonHoff law shown in eq. (6) is satisfied using the maximum stress · (in MPa) and the inelastic strain rate _ ¾ vp , then the parameters n vp and k are determined from the slope and the intercept at each temperature (solid fraction). The units for the material parameter k are (MPa n ·s)
Inelastic properties 3.3.1 True stresstrue strain curves
Development of the inelastic constitutive equation
¹1 . Figure 10 shows the temperature dependence of the material parameters n vp and k. The change in the material parameter n vp is discontinuous at the solidus temperature. The temperature dependence of n vp for the semisolid state is higher than that for the temperature below the solidus. The value n vp represents the strain rate dependence property of the stress. This steeper change of n vp in the partially solidified state compared to that below solidus temperature is likely to be caused by the existence of liquid phase. The change in the material parameter k is also discontinuous at the solidus temperature. The value of k is defined as the hypothetical inelastic strain rate when 1 MPa is applied. This value increases concomitantly with increasing temperature in the semisolid state. Therefore, the strain rate increases with the decrease in the solid fraction under given stress.
The discontinuities in both n vp and k at the solidus temperature are caused by a difference in the deformation mechanisms between that above and below the solidus temperatures. The deformation mechanism at temperatures below the solidus should be dislocation creep according to its material parameter n vp , which is 45. Both work hardening and softening caused by dislocation climb attributed to solute diffusion is dominant in this deformation. However, the deformation mechanisms in the partially solidified state (above the solidus temperature) are expected to be dominated by deformation of the liquid phase, which has negligible strength. According to these suggestions, the deformation mechanism for the partial solidified state differs greatly from that for the solid state. This difference can be expected to produce material parameter discontinuities at the solidus temperature.
Comparison with previous works
L. J. Colley et al. 8) and O. Ludwig et al. 14) respectively determined the relations between the stress and strain rate for the semisolid state for alloy AA5182 using a tensile test during partial remelting and a shear test after partial solidification, respectively. The chemical composition is similar to alloy JIS AC7A. Then, the viscoplastic properties are compared to those from the tensile test after partial solidification in this work. The difference in the viscoplastic properties between each testing method is discussed below. The alloy compositions for each testing method are presented in Table 2 . Material parameters n vp and k in viscoplastic NortonHoff law shown in eq. (6) are derived from the relations between the stress and strain rate in each report.
The shear stress and shear strain rate obtained from the shear test were applied to viscoplastic NortonHoff law after conversion to their tensile equivalent. The definitive formulas for both the equivalent von Mises stress · and the equivalent inelastic strain increment d ¾ p were used to convert the data. The relevant equations are shown in eq. (10) and (11). In eq. (11), the strain rate is obtainable by dividing each strain increment by the time increment. The stress and strain rate components with the exception of¸x y and d¸x y p were assumed to be 0 to obtain both the stress and inelastic strain rate under pure shear conditions.
When comparing the material parameters, not temperature but the solid fraction dependence was used for two reasons. First, when using the test during partial remelting, the test specimen is reheated and held at a constant temperature. In this process, both the homogenization of the segregated structure and the melt-back are expected to shift the solidus temperature closer to the equilibrium solidification. In other words, the relation between the solid fraction and the temperature differs for each testing method. Second, previous reports describe that the mechanical properties for semisolid state depend on the solid fraction rather than on the temperature. 9) Figure 1 presents a comparison of the relation between the solid fraction and the temperatures examined in this work (ScheilGullver model) and the previous work.
18 ) Colley et al. used the solid fraction determined by L. Arnberg et al.
18) The solidus temperature was 536°C, which was approximately 100°C higher than that of the ScheilGullver model. O. Ludwig et al. obtained the stress strain properties at a solid fraction of 0.95 using the shear test after partial solidification. Nothing was described about how to determine the relation between the solid fraction and the temperature.
Comparisons of the material parameters n vp and k are shown respectively in Figs. 11 and 12 . The material parameter n vp obtained from the tensile test after partial solidification in this work corresponds to that derived from the partially solidified shear test (O. Ludwig et al.) . Additionally, the results from the partially melted tensile test (L. J. Colley et al.) do not agree with this work. Figure 10 shows that the material parameter n vp from the tensile test during partial remelting is approximately 5.1, which is almost equal to the value for a temperature below the solidus in this work. Therefore, the microstructure of the specimen for the test during partial remelting must be very similar to the solid state. As A. Zama et al. 9) noted, homogenization of the micro-segregation occurred during both heating and maintaining the specimen at a constant temperature, i.e. the meltback phenomenon and the isothermal solidification are expected to occur. Regarding the viscoplastic properties in the partially solidified state, material parameters n vp and k obtained from the shear were nearly equal to the values obtained from the tensile test. This result suggest that the viscoplastic properties in the partially solidified state satisfies the von Mises yield criterion.
Conclusion
In previous studies, the constitutive equations for predict- ing hot tearing in the semisolid state of alloys were determined to have issues for determining material parameters. Additionally, the temperature dependence of the constants was not examined. In this study, tensile tests after partial solidification was conducted at each solid fraction (temperature). Furthermore, high-temperature tensile tests below the solidus temperature were carried out. The testing method for the tensile test after partial solidification was used to address the issues encountered from the previous tensing methods. Based on the experimentally obtained results, elasto-viscoplastic constitutive equations accounting for temperature (and solid fraction) dependence were developed by application of Hooke's law and viscoplastic NortonHoff law. The results are summarized as follows.
(1) The Young's modulus E derived from Hooke's law was 22 GPa at a temperature slightly greater than solidus temperature. The modulus decreased gradually to 0 GPa at 570°C. This temperature is equal to the Zero strength temperature (ZST) of JIS AC7A alloy, which has been described previously. The solid phase itself exhibits elastic behavior even in the semisolid state. Therefore, the existence of the liquid phase is expected to decrease the Young's modulus. ( 2) The temperature dependence of the material parameter n vp from Norton's law is discontinuous at the solidus temperature. A steeper change of n vp to the temperature is found in the semisolid state compared to temperatures below the solidus. Therefore, the strain rate dependence property of the stress n vp is expected to be strongly affected by the existence of liquid phase between solid phases. (3) The temperature dependence of the material parameter k from viscoplastic NortonHoff law, which represents the hypothetical inelastic strain rate when 1 MPa is applied, is also discontinuous at the solidus temperature. Parameter k increases with the temperature of the semisolid state. Therefore, the deformation rate becomes larger with a decrease in the solid fraction under a given amount of stress. (4) The discontinuities of the material parameters at the solidus temperature are likely to be caused by the difference in the deformation mechanisms at temperatures above and below the solidus temperature. According to the obtained material parameter n vp , the inelastic deformation at temperatures below the solidus are likely to be caused by dislocation creep. For the partially solidified state, the existence of the liquid phase is the controlling factor determining the deformation mechanisms because the strength of the liquid phase is negligible compared to the solid phase. (5) Both material parameters n vp and k from viscoplastic NortonHoff law obtained from the tensile test after partial solidification were compared with those described in the previous studies. The material parameter n vp obtained from the tensile test during partial remelting is similar to that obtained at temperatures below the solidus in this work. Therefore, the test during partial remelting would cause the melt-back phenomenon and isothermal solidification so that micro-segregation should be homogenized during heating. The parameter n vp and k obtained from the shear test after partial solidification are almost equal to those obtained from the tensile test after partial solidification conducted for this study. 8) and shear test after partial solidification.
14)
